Abstract: For the one-dimensional Schrödinger equation, the analysis is provided to recover the potential from the data consisting of the ratio of a reflection coefficient to the transmission coefficient. It is investigated whether such data uniquely constructs a reflection coefficient, the number of bound states, bound-state energies, bound-state norming constants, and a corresponding potential. In all the three cases when there is no knowledge of the support of the potential, the support of the potential is confined to a half line, and the support is confined to a finite interval, various uniqueness and nonuniqueness results are established, the precise criteria are provided for the uniqueness and the nonuniqueness and the degree of nonuniqueness, and the recovery is illustrated with some explicit examples.
I. INTRODUCTION
In this paper we investigate the recovery of the potential of the one-dimensional Schrödinger equation from the data consisting of the ratio of a reflection coefficient to the transmission coefficient. We analyze the cases where the potential has no restriction on its support, half-line support, and compact support. We assume no information about the number of bound states, and in fact we try to recover that number as a part of our inverse problem.
Our work is motivated by the work of Rundell and Sacks [1] where it was shown that a bounded, compactly supported potential with a sufficiently small L 2 -norm is uniquely determined by the corresponding ratio of a reflection coefficient to the transmission coefficient. In our paper we show exactly when such a determination is possible.
Consider the Schrödinger equation
where the potential V belongs to the Faddeev class, i.e. it is real valued, measurable, and in L 1 1 (R). Here, L 1 n (J ) denotes the class of measurable functions on an interval J such that J dx (1 + |x| n ) |V (x)| is finite. The prime is used for the derivative with respect to the spatial coordinate x. The scattering solutions to (1.1) behave like e ikx or e −ikx as x → ±∞, and they occur for k ∈ R \ {0}. A bound state of (1.1) is a solution that belongs to L 2 (R) in the x variable, and it is known [2] [3] [4] [5] [6] [7] that the bound states can occur only at certain k-values on the positive imaginary axis I + in C + . We use C + for the upper-half complex plane and I + := i(0, +∞); later we will let C + := C + ∪ R and I − := i(−∞, 0).
We will use N to denote the number of bound states, which is known to be finite when V is in the Faddeev class, and suppose that the bound states occur at k = iκ j with the ordering 0 < κ 1 < · · · < κ N .
Among the scattering solutions to (1.1) are f l and f r , the Jost solutions from the left and right, respectively, satisfying the respective boundary conditions e −ikx f l (k, x) = 1 + o(1), e −ikx f l (k, x) = ik + o(1), x → +∞, From the spatial asymptotics
we obtain the transmission coefficient T, and the reflection coefficients L and R from the left and right, respectively. It is known [2] [3] [4] [5] [6] [7] that
where the asterisk denotes complex conjugation. In general, R and L are defined only for real k values, but T has a meromorphic extension to C + . Each bound state corresponds to a (simple) pole of T in C + and vice versa. Given |T (k)| for k ∈ R and the bound-state
A potential V in the Faddeev class is said to be generic if T (0) = 0 and exceptional if 6) where the Wronskian
is a nonzero constant. On the other hand, in the exceptional case we have
where
A potential in the Faddeev class is uniquely determined from the data {L, {κ j }, {c rj }} or {L, {κ j }, {γ j }} by using any one of the available methods [2] [3] [4] [5] [6] [7] . Here, c rj , for each j = 1, . . . , N, represents the bound-state norming constant and γ j the dependency constant associated with k = iκ j , and they are related to the Jost solutions as
Given V, we can remove [2] [3] [4] [5] [6] [7] all the bound states from the scattering coefficient and construct the resulting potential V [0] corresponding to the transmission coefficient
, where
The potential V [0] belongs to the Faddeev class whenever V is in that class.
Without loss of any generality, our main problem can be reduced to the recovery of a potential V in the Faddeev class from the data D(k) := L(k)/T (k) in the following cases:
(i) V has no restrictions on its support.
(ii) The support of V is confined to a half line.
(iii) The support of V is confined to the finite interval.
Our paper is organized as follows. In Section II we study case (i); we see that our data cannot say anything about the value of N in the exceptional case and hence N ∈ {0, 1, 2, . . . }, and for each such N we have a 2N -parameter family of potentials corresponding to our data. On the other hand, in the generic case from our data we get and show that our data further puts severe restrictions on the locations of the κ j . In this case we show that for each allowed N, there can exists only a finite number of potentials corresponding to the same D. We provide the exact criteria for the uniqueness as well as the nonuniqueness and the degree of nonuniqueness, and we illustrate the theory with some explicit example
II. RECOVERY WITH NO RESTRICTION ON THE SUPPORT
We will analyze the construction of V from the data D by analyzing the construction
. This is because, as seen from (1.9) and the second equation in (1.4), we have
and hence, (1.5) and (2.1) imply that
Having found
Thus, to construct L from D, we must know both the number of bound states and the bound-state energies. In the generic cases, as (1.6) implies, from D we are only able to determine whether N is even or odd, but in the exceptional case even this is not possible, as implied by (1.7). For N = 0, as seen from (2.3), D uniquely determines L and hence also V.
In summary, given the data D, we get, for each value of N, a 2N -parameter family of corresponding potentials, where {{κ j }, {c rj }} represents the parameter set. If D(k)
is bounded at k = 0 then N can be any nonnegative integer; if D(k) is unbounded at k = 0, then N is a nonnegative integer, which is odd or even depending on the sign of
Example 2.1 Let us demonstrate that we can tell from D whether N is even or odd in the generic case, but not in the exceptional case. Consider
, c ± := 10 ± α 2 + 36,
] is a parameter. Note that α = ±8 corresponds to the generic case and α ∈ (−8, 8) corresponds to the exceptional case. In the generic case from (1.6) we get
, and hence N must be even if α = 8 and odd if α = −8.
On the other hand, in the exceptional case, from (1.7) we get
as k → 0, and N can be any nonnegative integer. In fact, the corresponding scattering
where L(0) = −1 and T (0) = 0 are assured in the generic case by the choice N ∈ {0, 2, 4, . . . } if α = 8 and N ∈ {1, 3, 5, . . . } if α = −8.
III. RECOVERY WITH SUPPORT ON A HALF LINE
In this section we analyze the construction of V from D when we further know that the support of V is confined to a half line. Equivalently, we analyze the construction of {L, {κ j }, {c rj }} from our data.
There is no loss of generality in assuming that the support of V is confined to R + .
This can be argued as follows. If the support of the potential is known to be confined to the interval (a, +∞) for some real constant a, then the value of a can be extracted [8] from
and hence there is no loss of generality in assuming that a ≡ 0. On the other hand, if the support of the potential is known to be confined to R − , then, because of the first equation in (1.4), our problem can also be formulated as the recovery of V from R/T, which is equivalent to the recovery of V from D.
When the support of V is confined to R + , it is already known [9] [10] [11] [12] [13] [14] that L uniquely determines V. In fact, the meromorphic extension of L(k) from R to C + uniquely determines {{κ j }, {c rj }} as indicated in Theorem 3.3 below. Thus, the number of arbitrary parameters appearing in the reflection coefficient L constructed from our data is the same as the number of parameters appearing in the constructed V.
In Section II we have seen that D in the generic case reveals whether N is even or odd. We will next show that knowledge that the support of V is confined to R + leads to an upper bound on N both in the generic and exceptional cases.
is a potential in the Faddeev class, has support in R + , and has no bound states. Suppose V is the potential obtained by adding N successive bound states to
PROOF: If V ≡ 0 for x < 0, from (1.2) and (1.3) we see that
Hence, using 1/T (iκ j ) = 0, (3.1), and the second equation in (1.8), we conclude that
. Then, with the help of (1.9), we get The following theorem gives a characterization of the left reflection coefficient corresponding to a potential in the Faddeev class with support confined to R + . Let 
(iv) L has a meromorphic extension to C + with N simple poles occurring at k = iκ j and residues Res[L(iκ j )] = ic 2 rj for some positive constants c rj . Of course, if N = 0 then the extension of L to C + is analytic there.
1 (a, +∞) for any a < 0.
PROOF: The proof is obtained by modifying the characterization conditions on the scattering data [5, 7, 15] corresponding to a potential in the Faddeev class in order to take into account the vanishing property of the potential on R − . It is known [9] [10] [11] [12] [13] [14] that (iv) is equivalent to vanishing of V on R − . The slight modification in (vii) is also related to the vanishing of the potential on R − .
In the following we illustrate the recovery of V, or equivalently of L, by presenting some explicit examples.
Example 3.4 Let our data for a potential with support in R + be given by
Notice that D(k) is bounded at k = 0 and hence this corresponds to an exceptional case.
Proceeding as in (2.2), or equivalently by solving the Riemann-Hilbert problem [cf. (2.1)]
we obtain
From (2.3) we get
Notice that D has two zeros on I + . Hence, the number of bound states of V cannot exceed 3. Since this is the exceptional case, N is allowed to be any of 0, 1, 2, and 3. Recalling the fact that L uniquely determines V because of the support property of V, with the help of the sign restriction indicated in Proposition 3.1, or equivalently, with the help of Theorem 3.3(iv), we obtain all the following possibilities for L and also for V.
(a) For N = 0, we have L(k) = A(k), and the potential V is uniquely determined.
, where κ 1 ∈ (0, 1) ∪ (3, +∞) is the only arbitrary parameter in V.
, where κ 1 ∈ (1, 3) and κ 2 ∈ (3, +∞) are the only two arbitrary parameters in V.
, where κ 1 ∈ (0, 1), κ 2 ∈ (1, 3), and κ 2 ∈ (3, +∞) are the only three arbitrary parameters in V.
. This is the generic case because D(k) is singular at k = 0. Using (2.1) we get
. From (1.6) we see that
, which is positive, and hence N ∈ {0, 2, 4, . . . }. Then, from the
. Since D has no zeros on I + , Corollary 3.2 implies that the only possibility is
, and our data uniquely determines L and V.
. As in Example 3.5, this is the generic case and
is negative, and hence N ∈ {1, 3, 5, . . . }. Then, from the first equation in (2.3) we get
. Since D has no zeros on I + , Corollary 3.2 implies that the only
, where κ 1 ∈ (0, +∞) is an arbitrary parameter. Because the constructed L contains one arbitrary parameter, there exists a one-parameter family of potentials corresponding to our data.
. From (1.6) we see that lim k→0 [2ik D(k)] = −8/ √ 5, which is negative, and hence N ∈ {1, 3, 5, . . . }. Then, as in Example 3.5 we get
Since D has two zeros on I + , N cannot exceed 3. Thus,
we must have N = 1 or N = 3. In conjunction with Proposition 3.1 or Theorem 3.3(iv),
for N = 1 we get the one-parameter family
κ 2 ∈ (3, 4), and κ 3 ∈ (4, +∞). Thus, our data corresponds to a one-parameter family of potentials when N = 1, and it corresponds to a three-parameter family of potentials when N = 3.
. We see that D has a single double zero on I + . As in Example 3.5 we get respectively, given in (3.3). Therefore, there exists a unique potential corresponding to our data. 
with κ 1 ∈ (0, 1) ∪ (1, +∞). Therefore, our data corresponds to a one-parameter family of potentials, where κ 1 acts as the parameter.
IV. RECOVERY WITH COMPACT SUPPORT
In this section we analyze the recovery of V, or equivalently of L, from D when it is further known that the support of V is confined to a finite interval. In constructing {L, {κ j }, {c rj }} from D, all the results obtained in Sections II and III are certainly valid in this section as well. We have the following:
(i) In the generic case, we are able to tell via (1.6) whether the nonnegative integer N representing the number of bound states of V is even or odd.
(ii) Using (2.2) and the second equation in (2.3), we are able to construct T (iv) The quantity T [0] , which is uniquely determined by D, has a meromorphic extension to the entire complex plane due to the fact that the support of V is confined to a finite interval. We will show that the set {−iκ j } has to be a subset of the set of zeros
The following result is already known [2] , and hence its proof is omitted. By writing 
where the {β j } is the ordered set with 0 < β 1 < · · · < β Z+1 consisting of those positive β values satisfying tan − β 2 = 2β − β 2 − 2β 2 . According to (iii) we must have N ≤ Z + 1. Using all these constraints, we can determine all the possibilities for N, the corresponding bound states, reflection coefficient L, and potential V. For example, we have the following: (a) When = 5, the above analysis shows that Z = 0 and thus N ≤ 1, we are in the generic case and N must be odd, the quantity 1/T [0] given in (4.1) has one simple zero on I − at k = −iβ 1 , where β 1 = 1.5857. Thus, we must have N = 1 with the bound state occurring at k = iβ 1 , and k + iκ j k − iκ j , we have five-fold nonuniqueness where the two bound states occurring at k = iκ j with the ordered set {κ 1 , κ 2 } being equal to either of {β 1 , β 2 }, {β 1 , β 3 }, {β 1 , β 6 }, {β 4 , β 6 }, and {β 5 , β 6 }. On the other hand, for N = 4 we have four-fold nonuniqueness where the four bound states occurring at k = iκ j with the ordered set {κ 1 , κ 2 , κ 3 , κ 4 } being equal to either of {β 1 , β 2 , β 4 , β 6 }, {β 1 , β 2 , β 5 , β 6 }, {β 1 , β 3 , β 4 , β 6 }, {β 1 , β 3 , β 5 , β 6 }.
